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Let G = (V, A) be a digraph of order n. Digraph G is said to be arc-k-cyclic if 
each arc of G is contained in a cycle of length k (3 ( k < n). An arc e of G is said 
to be pancyclic if e is contained in cycles of all lengths m, 3 < m < n. Digraph G is 
said to be arc-pancyclic if each arc of G is pancyclic. The main results of this paper 
are that (1) except for a certain family of counterexamples, every arc-3-cyclic tour- 
nament is arc-pancyclic; (2) at most one arc of an arc-3-cyclic tournament is not 
pancyclic. 
1. INTRODUCTION 
Let G = (V, A) be a digraph of order n. Digraph G is said to be arc-k- 
cyclic if each arc of G is contained in a cycle of length k (3 < k < n). An arc 
e of G is said to be pancyclic if it is contained in cycles of all lengths m, 
3 < m & n. Digraph G is said to be arc-pancyclic if each arc of G is pan- 
cyclic. 
In 1967, Alspach [l] showed that every regular tournament is arc- 
pancyclic. Since then, many mathematicians have studied this property in 
tournaments. In [2-4], it has been proved that each arc of a tournament T is 
contained in cycles of all lengths m, 4 < m < n, if T satisfies some conditions 
* Present address: Institute of Systems Science, Academia Sinica, Beijing 100080, China. 
245 
0095-8956/82/060245-l 1$02.00/O 
Copyright 0 1982 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
246 TIAN, WU, AND ZHANG 
expressed in terms of degree. It was suggested in [5] to study the arc- 
pancyclic property of T when T is arc-3-cyclic. 
The arc-3-cyclic condition is rather weak because almost all tournaments 
are arc-3-cyclic [6]. Furthermore, it is easy to determine whether a tour- 
nament is arc-3-cyclic in at most G(n’) operations. 
With arc-3-cyclic as one of the conditions, some results on the arc- 
pancyclic property of a tournament were given in [7,8]. It is completely 
solved in this paper whether or not an arc-3-cyclic tournament is arc- 
pancyclic. Theorem 1 states that, except for a certain family of counterex- 
amples (T,-type digraphs and T,-type digraphs, which have been mentioned 
in many papers, for example, [2,4, 9, lo]) every arc-3-cyclic tournament is 
arc-pancyclic. Furthermore, it will be pointed out in Theorem 2 that every 
arc-3-cyclic tournament has at most one arc which is not pancyclic. 
2. TERMINOLOGY AND SYMBOLS 
Let G = (V, A) be a digraph of order n, let I’ be the vertex set of G, and 
let A be the arc set of G. We denote an arc from vertex u to vertex u by UU. 
Define 
Z(v) = (u: u E V, uu E A}, O(v)={u:u~V,vuEA), 
z,(v) = Z(V) n x, ox(u) = O(Y) n x, 
where XC V. 
The subdigraph of G generated by XC I/ is a digraph with X as its vertex 
set and with all the arcs in G that have both their endpoints in X, and is 
denoted by G(X). 
A path from u,, to vk is a digraph with vertex set {vO, v, ,..., vk} and arc set 
Iv,v,, ~1V2,-..1 vk-rvk}. This path is denoted by uOv, .a. vk. The length of a 
path is defined as the number of arcs of the path. A path of length k is called 
a k-path. 
A cycle is the digraph obtained from the (k - I)-path vr v2 .a. vk by 
adding the arc vkvl. It is denoted by v, v2 . . e vkvl. The length of the cycle is 
defined as the number of arcs of the cycle. A cycle of length k is called a k- 
cycle. 
An k-acyclic subdigraph P from u to v is an acyclic subdigraph of order k 
in G such that u, v E V(P) and for each vertex x of P, P has a path from I( to 
x and a path from x to v. Of course, a (k - 1)-path from u to v is an k- 
acyclic subdigraph from u to v. -- 
The converse of G = (V, A) is a digraph G = (V, A) such that p= V, 
uvEAif and only if vuEA. 
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A tournament is a digraph such that each pair of vertices is joined by 
precisely one arc. 
A midvertex x of the arc uv is a vertex of G such that 2)x, xu E A, that is, 
x E Z(U) n O(v). Obviously, if a digraph G is arc-3-cyclic, then every arc has 
at least one midvertex in G. 
3. LEMMAS 
In the proof of the theorems, we shall frequently use the following lemmas: 
LEMMA 1 (Camion [ 111). Let T be a tournament; then T has a 
Hamiltonian cycle if and only if T is strongly connected. 
Lemma 2 (Thomassen [4]). A tournament T of order n has a 
Hamiltonian path from u to v if and only f T has an n-acyclic subdigraph 
from u to v. 
We use Lemma 2 in the following form: 
LEMMA 3. A tournament T has a k-path from u to v if and only tf T has 
an (k + 1)acyclic subdigraph from u to v. 
4. THE MAIN RESULTS 
THEOREM 1. Except for T,-type digraphs and T,,-type digraphs (see 
Figs. 1 and 2), every arc-3-cyclic tournament of order n in arc-pancyclic. 
Proof: Let T= (V, A) be an arc-3-cyclic tournament of order n. Let e be 
an arc of T. We assume that e is contained in cycles of all lengths m, 
3 < m < r < n, but is not contained in an (r + 1)-cycle. We shall prove that 
T must be either a T,-type digraph or a T,-type digraph. 
“2 "r-1 “ “2 r-1 
“1 "1 “ r 
a b 
FIG. 1. T,-type digraphs, where W, V, c V are two disjoint subsets of V such that 
1 WI < / V, ( and T(W) and 7’( V,) are both arc-3-cyclic subtournaments. 
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a b 
FIG. 2. T,-type digraphs, where the orientation of the edges without arrow can be chosen 
arbitrarily. 
Let C=U,Q . . . u,ul be an r-cycle containing e = v,vr . Without 
ambiguity, we may let C be the set of its vertices. By assumption and 
Lemma 3, T has no (r + 1)-acyclic subdigraph from U, to v,. Let 
w  = V(T)\V(C). 
(1) We shall show that for every w  E W there is an index a(w) such 
that 1 <a(w) < r - 1, (u,, v2 ,..., u,(,,,)} = O,(w) and {u,(,)+i ,..., vr} =Zc(w). 
Hence W G Z(v,) and W G O(u,). 
(1.1) If there is a vertex w0 E W such that Zc(wo) = 0, then O,(w,) = 
{v, 7 u2,..., v,}. Let x be a midvertex of arc w,, v, . Thus x E Z(w,) n O(v,). We 
have x E W because Zc(wO) = 0. Since r > 3, then P = u,xwov3 . . . u, is an 
(r + I)-acyclic subdigraph from v, to v,, which leads to a contradiction. 
Similarly, for each vertex w  E W, O,(w) # 0. 
(1.2) If viEI,( vjE O,(w), and i <j, then let P’ = 
VlV2 
. . . Vi . . . Vj . . . v, and P” = V,WV~. Then P’ UP” is an (r + 1)-acyclic 
subdigraph from V, to v,., which leads to a contradiction. 
Result (1) follows from (1.1) and (1.2). 
(2) We shall show that, for every w  E W, O(V,) n Z,(w) # 0 and 
2 < a(w) < r- 2. If we find a midvertex v,,(~) of arc wu,, then u~(,,,) E 
Z(w)n O(v,) and by (l), vP(,,,) 65 W so that vP(,,,) E C. Hence 
O(v,) nZ,(w) # 0. Similarly, the midvertex uqtwj of arc U,W is in 
zh) n o,(w). 
We have shown that T has a pair of arcs U, vPtwj and u,(,~v, such that 
V p(av) E WJnMw) and Q(~) E Z(v,)n O,(w). Since V,V, EA, we have 
2 < q(w) < a(w) and a(w) + 1 < p(w) < r - 1 for every w  E W. 
(3) We shall show that a(w) = a(~‘) for every w, w’ E W. If there are two 
distinct vertices w, w’ in W such that a(w) # a(~‘), we may assume that 
u(w) > u(w’). 
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BY (2), let 
V 9(wt) E z(v,) n o,W (2 < 4(w’) < 4w’)), 
V p(w) E o(WW4 (a(w) + 1 Q P(W) Q r - l), 
and hence q(w’) + 1 <p(w) - 1. 
We consider the following cases: 
Case a. q(w’) + 1 = p(w) - 1. Obviously, q(w’) + 1 = a(w’) + 1 = 
a(w) = p(w) - 1. In this case, either 
P=vIcp(w) -** v,-,ww’v* a** vq(w’,v, (if ww’ EA) 
Or 
P’ = v 1 VP(W) * * * v,-, w’wvz * ’ * vq(w’) v, (ifw’wEA) 
is an (r + I)-acyclic subdigraph from v, to u,. This is a contradiction. 
Case b. q(w’) + 1 <p(w) - 2. It should be noted that we have either 
p(w) - 2 > a(~‘) + 1 or q(w’) + 2 <u(w) because, otherwise 
p(w) - 2 < u(w’) + 1 <u(w) < q(w’) + 2 
which contradicts q(w’) + 1 < p(w) - 2. 
In this case either 
p= VIUp(,) a** v,-,wv9(w’)+, *a* vp(w)-2w’v2 a-0 V,(,l)V, 
(if p(w) - 2 > a(~‘) + l), or 
p= V,V,(,) *-* v,-1 wvq(w’)+~ *-a vp(w)-lw’u* **’ v9(w’)v, 
(if q(w’) + 2 Q u(w)) is an (r + I)-acyclic subdigraph from vi to v,. This is a 
contradiction. The result follows. 
Now we can let a = u(w), {VI, uz,..., val = O,(w), and 
iu a+, ,..., vr} = Z,(w) for every w  E W. We denote 
p = min{i: vi E O(v,)n {v~+~,..., u,-,}} 
and 
q = max{i: v, E Z(U,) n {v, ,..., v,}}. 
From (2), p and q must exist. 
(4) We can show that {u,+i ,..., vr} n O(vJ # 0 for i = 1,2 ,..., a and 
iv,, v2,..., v,}nz(v,)+0 forj=u+ l,..., I by using a proof similar to that 
of (2). 
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(5) It should be noticed that either O(V,) n {u,+ 2 ,..., u,} or Z(u,+ ,) n 
z!~~~~~~~~~, ;\i ,..., u,- ,}, then 
empty. Otherwise, if vi E O(u,) n {u,+*,..., ur} and 
P=v,v, *** viua+, *em vi-,wui+, **a vavj a** v, 
is an (r + 1)acyclic subdigraph from V, to vr, which leads to a 
contradiction. So, we can assume that O(V,) n (v,+*,..., 0,) = 0 below. (If 
Z(~,+*)n Iv i ,..., u,- i} = 0, we consider the converse of T.) 
(6) We shall show that T has no arc vinj such that a + 2 < i + 1 < j - 1 Q 
r - 1. If not, let uiuj be such an arc in T. Since i + 1 2 a + 2, by the result of 
(4) and the assumption of (5), T has an arc uAui+, such that 1 <h <a - 1. 
Then 
P=v, **a uhui+, *a* Vj-*WVh+, **a ViVj”’ v, 
is an (r + I)-acyclic subdigraph, which leads to a contradiction. 
(7) We shall show that if T has an arc nivj such that 2 < i < a - 1 and 
a+2<j<r,then {V ,,..., vi-,}nZ(v,+,)=0. 
If not, let vk E {v ,,..., vi-i} nZ(u,+,). Then 
P=v, *** Vkvi+, **a vj-lwvk+l *** vivj .** v, 
is an (r + 1)-acyclic subdigraph from u, to v,, which is a contradiction. 
(8) Let 
Note that 2 < m < a - 1 as vqv, is an arc of T by the choice of q above. Let 
The set I’, is not empty because a > m + 1. By the definition of V, and the 
assumption of (5), V, G O(vj) for every vj E {u=+*,..., v,). By the result of 
(417 v, s eJ,+ 1 ). Moreover, q < m. 
(9) Now we consider the following cases: 
Case (i). p = a + 1. (9.1) We shall show that r = a + 2. Otherwise, we 
have r > a + 3. If we find the midvertex x of arc v~v,, then 
(1) x 6C W because WG O(V,) by (1); 
(2) x# v, because v,v, E-4; 
(3) x 66 {+,...,v,-, } because, otherwise set 
P’ = v,u,+, *** v,-,wv* .** v,vr, P” = WV,,, .** vavt, 
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where U, =x, then P’ UP” is an (r t 1)-acyclic subdigraph from u, to ur, 
which yields a contradiction; 
(4) x cz {ua+1,..., h,-2 } (the set is not empty as r 2 a t 3) because 
I@,.) n (u,+ 1 ,..., vre2} = 0 by (6); and 
(5) x @ {u,+~,..., uI} because {u,+~,..., u,} sI(u,) by the assumption 
of (5). 
Thus arc u,u, has no midvertex in T when I > a + 2, which contradicts 
the arc-3-cyclic property of T. So it must be that r = a + 2. 
(9.2) By the definition of m, we have u,u, E A as r = a + 2. 
(9.3) We shall show that T(V,) is strongly connected. If not, then 
W>2 and urn+, a u E A. We find a midvertex x of arc u, + I u, . But we have 
that 
(1) x & W because W c I(u,) by (3); 
(2) x 65 {u,,...,u,-1 } because u,u, E A and by the result of (7); 
(3) Xf u,, because if x = u, E O(u,), then let 
P’=u,ua+,wu2 a** u,u, and PI’= wu,,, **- u,u, 
so that P’ U P” is an (r t 1)-acyclic subdigraph from u, to u,, which is a 
contradiction; 
(4) x @ V, because T(V,) is not strongly connected; 
(5) xf u,+i because u,+, E V, ~I(u,+i) by (8); and 
(6) x # u, because u,u, E A by the assumption of (5). 
Thus arc u m+ i u, has no midvertex in T when T(V,) is not strongly 
connected. This contradicts the arc-3-cyclic property. 
(9.4) We show that m = 2. Otherwise, if m > 3, then by u,u, E A and 
using the result of (7), we have u,+ I u2 EA. If we let u,+ ,u,, . . . u,+ I be a 
Hamiltonian cycle in T(V,), then 
P=u,Ua+lWuh *** u,+,u2 *a- u,u, 
is an (r t 1)-acyclic subdigraph from ui to u,, which is a contradiction. 
(9.5) We shall show that jO(u,)J = 2. Otherwise, if lO(u,)( > 3, by the 
result of (7), u3 +Z O(u,) as u,u,EA. So O(u,)G {u~,u~,...,~)~+~}. Since 
/ O(u,)I > 3, there must be a vertex uk in T such that uk E O(u,) and 
4<k<a. Ifwe let ukm.. uhuk be a Hamiltonian cycle in T(V,), then 
P=u,u, **- UhU,,,WU,U, 
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is an (r + I)-acyclic subdigraph from Y, to u, in T, which is a contradiction. 
(Note that u,, E V, and by (8), vh E Z(u,+ ,).) 
(9.6) We shall show that V, G O(u,). If not, there must be a vertex 
u,EZ(u,)~ V,. Let ukuh a.. uk be a Hamiltonian cycle in T(V,). Then 
P= u,u,+*wu~ *** uku2u, is an (r + I)-acyclic subdigraph from u, to ur, 
which is a contradiction. 
(9.7) We shall show that 1 WI < 1 V, I. Otherwise, if 1 WI > I V, I= r - 4, let 
WI w* .** w,-3 be a (r - 4)-path in T(W). Then 
P=uIuo+,w,w*“’ w,-ju*u, 
is an (r + I)-acyclic subdigraph from u, to u, in T. This yields a con- 
tradiction. 










Z@,)= IUa+l, u2} as M = 2 and WG O(u,); 
W,) = {v,, v,+,J as lO( = 2 
(u,, u21 u v, E O(w), {ua+,, ur} C Z(w) for every w  E W (from 
V,CZ(u,) as 1 O(u,)l= 2; 
Vi c_ O(u,) because of the definition of m; 
V, c Z(u,+ J (from (8)); 
V, 5 O(u,) (from (9.6)); 
I WI < I v, I (from (9.7)). 
So, T is a T,-type digraph (Fig. la). 
Case (ii). P > a + 2 and r > a + 4. 
(9.9) We have u,- i u,, , E A by the result of (6). 
(9.10) When m > 3, by using the result of (7) we have u,+ i u2 E A 
because of the definition of m in (8). Let 
Pf=u,up *** ?I-,u,+, ..’ up-,wuq+, *-* u,+,uz -** vlqu, 
and P” = u~u,,,+~ ... u,u,+~. If a > m + 2, then P’ UP” is an (r + 1)-acyclic 
subdigraph from v, to or, and if a = m + 1, then P’ is an (r + I)-acyclic 
subdigraph from u, to v,. In either case we have a contradiction. (Note that 
if a > m + 2, by (8) we have u,+ 2 E I’, c O(v,).) 
(9.11) If m = 2, then m = q by definition of q and (8). Thus, P’ UP” is 
an (r + 1 )-acyclic subdigraph from v, to u,, where 
P’=ulvp.*. u,_*u,+, a** VP-,wu*u* and P” =upu3 **- u,u,+,. 
CYCLES IN TOURNAMENTS 253 
This is a contradiction. (Note that uj E V, c_ O(v,) by (8), and u,-iu,+ i E A 
by (9.9)) 
Case (iii). p > a + 2 and r = a + 3 (thus, p = a + 2 = r - 1). 
(9.12) We shall show that u~z)~+~EA and uq+iuo+*~A. In fact, if 
U,+1U*EA then P=u~u~+~wu~+~ *.. u,+,u2 .a* uqu, is an (r+ l)- 
subdigraph from u, to V, in T, which leads to a contradiction. If 
u,+~u~+, EA, then P=u~u~+~u~+, ..a u,+,wuz ... uqu, is an (r+ I)-acyclic 
subdigraph from u, to u, in T, which is a contradiction, too. 
(9.13) By the definition of q and (5), q < u - 1. If q + 1 > a - 1, then 
q+l=u. By (9.12), u~+~u~+~EA, but by (5), ~,+~u,=u,+~u~+~EA. 
This is a contradiction. So, q + 1 < u - 1. 
(9.14) We shall show that u3 u, EA. If not, then 
p=u,u2u,+1wuq+* *** u,uj ‘** uq+luo+*ur 
is an (r + 1)-acyclic subdigraph from u, to u, in T, which leads to a 
contradiction. (Note that q + 2 < a is given by (9.13); u,, , u~+~ E A by 
(9.12).) 
(9.15) We shall show that a = 4, i.e., r = 7. If not, then a > 4 by (9.13). 
(a) Since u3u, E A by (9.14) and a > 4, result (7) implies that 
~,+zU,-1 EA. 
(b) If u,-,uz EA, then 
P=u,uo+2u~u,+,wuq+, a** u,-,uz *** upu, 
is an (r + I)-acyclic subsigraph from u, to u, in T. This is a contradiction. 
(Note that ua+* u, E A by the assumption of (5).) Thus, u2u,-, E A. 
(c) By (9.12), we have u~+~u,+~EA. By (a) we have u,+*u,-, EA. 
Therefore, by (9.13), q + 2 <a - 1. 
(d) We can show that if there is a vertex u, E {uqt2,..., u,-i} such that 
U .+zu, E A and u2u, E A, then u,+~u,-~ E A and u~u,-~ EA. (Note that the 
set {uq+z,..., u,-,} is not empty by (c).) In fact, when u,- i u2 E A, 
P=u,u,+,u, .*. u,+,wu,+, *** USeIU2 .*. uqu, 
is an (r + 1)-acyclic subdigraph from vi to u,, a contradiction. And when 
V ,-,u,+,EA,byusingtheresultof(7),wehaveu,u, &Aas2<q<s--1. 
This contradicts the hypotheses. 
Note that, by (b) we have uzu,-, E A, and by (a) we have uo+2ua--l EA. 
Thus, from (d) (perhaps used repeatedly) we obtain u~u~+~ E A. Therefore 
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by using the result of (7), we have uq+ iv,+ 2 @ A as 2 < q. This contradicts 
the result of (9.12). 
(9.16) We shall show that ( IV = 1. Otherwise, let w, w’ E W, and 
WW’EA; then P=v~v~u,+~ww’u~v~+~ r v is an (r + 1)-acyclic subdigraph 
from u, to u,, which yields a contradiction. (Note that q = 2 because 
2<q<a--2 anda=4. By (9.12), u~v,+~EA and u~u,+*E:A.) 
(9.17) Now we have determined the following structure of T in this case: 
(1) a=4 and r= 7 (from (9.15)); 
(2) q = 2 because q < a - 2 and a = 4; 
(3) uiu,+,=v,u,EA and ~,+,u,=u~u,EA; 
(4) u~u~=u~u,EA, u~u~+~=u~u~EA, and u~u~+~=u~v~EA 
(from (9.12)); 
(5) By using the result of (7), we have uju, EA, u4uz EA, and 
v,u,EA because v2ur=v2u,EA and u~v~+~=u,u~EA; 
(6) By the assumption of (5), we have u,+~u, = V,U, E A and 
uru, = u,u4 E A; 
(7) By the result of (6), we have u,u,+i = u,u5 E A; 
(8) By the definition of q in (3), we have u,u3 = u,vs E A; 
(9) By (9.16) we have 1 WI = 1; 
(10) Since a = 4, then {u,, u2, us, u,) = O(w), {us,u6, u,b = Z(w). 
So, T is a Ts-type digraph (Fig. 2a) in this case. 
Note that when Z(v,+,)n {u,, u2 ,..., u,-,} =0 in (5), T is a T,-type 
(Fig. lb) or a Ts-type digraph (Fig. 2b) by similar arguments. 
The proof of Theorem 1 is completed. 
COROLLARY 1. Let e = uu be an arc of an arc-3-cyclic tournament. Zf 
either Z(u) # O(u) or [Z(u)1 = 1 O(v)1 # 2, then e is pancyclic. 
Proof: In the proof of Theorem 1, we have shown that when e = uu is 
not pancyclic, it always occurs that Z(U) = O(v) and JZ(u)( = 1 O(v)1 = 2. 
Corollary 1 now follows. 
THEOREM 2. At most one arc of an arc-3-cyclic tournament is not 
pancyclic. 
ProoJ: From Theorem 1, if T is an arc-3-cyclic tournament and an arc e 
of T is not pancyclic, then T must be a T,-type digraph or a T,-type digraph. 
It is easily checked that in each of T,-type or Ts-type digraphs there exists 
only one arc which is not pancyclic. This completes the proof of Theorem 2. 
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Clearly, Theorem 1 implies the following results: 
COROLLARY 2 (Alspach [ 11). Every regular tournament is arc- 
pancyclic. 
COROLLARY 3 (Wu, Zhang, Zhou [7]). Zf T is a tournament of order n 
which is arc-3-cyclic and arc-n-cyclic, then T is arc-pancyclic. 
COROLLARY 4 (Zhang [8]). Let T be an arc-3-cyclic tournament of 
order n such that the indegree and the outdegree of each vertex are at least 
k, where n < 4k - 3; then T is arc-pancyclic. 
COROLLARY 5 (Thomassen [4]). There exist infinitely many 2-connected 
tournaments containing an arc which is not in any Hamiltonian cycle. 
In fact, each T,-type digraph is 2-connected, arc-3-cyclic, and contains an 
arc which is in no Hamiltonian cycle. These examples are different from 
those given in [4]. 
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